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I. INTRODUCTION

Let C;Z = {F(x=u)suecA} be a location parameter family of distributions,
where A 1is an appropriate subset of the real line such as an interval or a
countable collection of real numbers. A distribution M(x) of a random
varigble X 1is called a finite location mixture on a?L if and only if there
exists a positive integer k; positive constants pl,pz,...,pk with sum
equal to one, and distinct distributions F(x-qle(X=u2),...,F(x-uk)
. . #

belonging to s 8uch that

k .
M(x) = .ZipiF(Xmui) . 1)

Suppose that U i1s g discrete random variable defined on A with the

probability mase function
P(UZ'lli) = pig i——-l‘gg)o.o’k . (2)

If A includes zero, then the distribution F(s) of a random variable,
say 8, genergtes the family'sgz, Now it can be shown easily, by using
conditional distribution or characteristic function, that X is distributed

as S+U or briefly X g S+U, where S and U are independent. We assume



that the distribution of the generator random variagble S 1is completely
known and the distribution of U depends on the unknown parameters pi's
and u,'s.

i

Similarly a distribution N(y) of a random variable Y is called a

finite scale mixture if
k
N(y) = Y p,Gl/v,) . (3)
i=1

Here fhe distinect distributioﬁs G(y/vi),G(y/VE),...,G(y/vh) belong to a
scale family of distributions é7 = {G(y/v):veB}, where B is an appro=-
priéﬁe'subset of (ng>§:pi'S are defined as before.

Suppose that V 1is a discrete positive random variable defined on B

with the probability mass function
P(V:-'Vi) = pi; i=l’2,.mo,k . ()4')

If B includes 1, then the distribution G(t) of a random variable,
say T, generates the family 249 » It 1s easy to show thét Y g TV, where
T and V are two independent random variables.

‘From X d S+U  we have eX g eSeU, i.e., a finite location mixture can
be reduced to a finite scale mixture by the exponential transformation y = &,

Similarly, from Y 2 TV we have log|Y| & log|T| + logV, i.e., a finite

scale mixture can be reduced to a finite location mixture by the logarithmic

transformation x = logly .

Representation of these finite mixtures in terms of random variables is

quite useful for generating random samples and for analyzing their properties.



A finite mixture of normal distributions with the same known variance
is an example of a finite location mixture, and a finite mixture of nega=-
tive exponential distributions is an example of a scale mixture. The point
estimation of the parameters in a mixture of two such distributions has
received some attention in the literature. However, when we have a mixture
of more than two of these distributions, or more generally a finite location
or scale mixture, estimation becomes more difficult.

In this article we first show, by a simple argument, that finite loca-
tion and finite scale mixtures'are identifiable. Next, we suggest a method
of moments for estimating the unknown parameters. Finally, as an example,
we apply the method to a finite mixture of negative exponential distri-

butions.

2, IDENTIFIABILITY OF FINITE LOCATION

AND FINITE SCALE MIXTURES
Definition. A finite location mixture given by (1) is identifiable with
respect to 51' if it has a unique representation as far as the mixed distri-
butions, thelr number, and the mixing proporticns are concerned. In other
words,

k k'
Mx) = L piFlx-u;) = J piF(x-ul) (5)
o i=1 3=1 J

implies k = k' and for eagh i there is some J such that p; = p& and
u, = ul.
1 J

In terms of random variables, we can interpret this definition in the

following way: if X Q S+U, for the independent random variables S and U,



and if X d S+Ut, for the independent random variables S and U',
then the distribution of X is identifiable with respect to éi' if and
only if U g (VAN

In general, estimation problem for a mixture makes sense if the
mixture is identifiasble. We can easily show that a finite location
mixture is identifiable by using the above interpretation. For this
purpose, we denote the characteristic functions of S, U, and U' respec=
tively by Og(t), @y(t), and oy, (8). If S+ ¢ g+U,  then

0 (£)9,(t) = og(6)oy, (6) - (6)

Tt is known that a characteristic function is equal to 1 at t =0, and

it is a continuous function. Thus for some e > O, @S(t) £ 0 and
oy(t) = Py (£) : (7)

for all t in the interval (-e,e). Since by (2) all the moments of U

exist, it follows from (7) that
E(U") = E(U™) S ®

for all non-negative integers n. It is also easy %o show that

NERS

sup < max (|ul|,|u2 ,.,.,fuk|) < ® o, (9)

n

Now, using (8) and (9), by the moment problem (see [L] page 182), we con=

clude that U g ur.



The identifiability of a finite scale mixture follows immediately
from the identifiability of a finite locabion mixture by using the loga-
rithmic transformation we referred to in Section 1.

The identifisbility of a finite location mixture has also been demon=-
strated by Yakowitz and Spragins [8] by using a general characterization

theorem regarding the identifiability of finite mixtures.

3. ESTIMATION OF PARAMETERS

To estimste the parameters of & finite location or scale mixture we
apply a moment technique similar to that used by Bliscke[B}, and Rennie [5].
However, to simplify the procedure, wevoften use the relations X g S+U
and Y d TV,

Consider a réndom sample Xl’X2’°"’Xn from the location mixture (1),
and denote the rth moments of X, 8, and U respectively by a..s br’ and
c. with do = bo = Cqy = 1. We assume that all the moments in question

exist. Since the distribution M(x) depends on 2k-1 unknown parameters,

we use the first 2k=1 sample moments of X, 1.e.,
o o
a_ = nX./n. , r=1,2,00.,2k=1 , (10)
o=t |

to estimate the unknown parameters UpsUpseessty sPysDpseer 3Py _qe

Taking rth moment from both sides of X d 3+U and using the inde=

pendence of S and U, we have

a, = %i( f))b

3=0 ¢ r-3%3? T=0,1,000,2k=] . (11)



It is clear that the matrix B = (bij) with

bij = ( §)bij s 1>3,1,3=0,150 0. 52k<1 |
=0, otherwise , (12)

is a non-singular matrix. Now, using the vectors a = (aO’al’°"’a2k-l)"
c = (co,cl,.a.gcgkal)', and the matrix B defined by (12), the relations

(11) can be written as
=1
a=B or c¢=B"a. (13)
Thus, from (13) and (10), we can find the moment estimates of U in terms
of the moments of S, which are known, and the moment estimates of X as

T =37y, (1k)

It follows from (2) that the rth moment of U is

k

’ ,
c, = z\ pyu; (15)
i=1

Using (15), with 2=0,1,...,k=1, we obtain

1 1 1 Py cO

U.l U.2 ° Uk pg - Cl
: : * * . (16)
k-l k-l k-1 .

B! ot PPk NS

The parameters UpsUnseee Uy can be assumed to be the zeros of the poly-

nomial



k ,
P(x) = rI&ﬂH)=z§=df§4:~~~=akJ;ak, (17)
1

1 i i a @ ® 9 a i @ e L]
We now find the coefficients al’ 57 s%, in terms of C12Cs> 2Cop
It is obvious that UzP(U) is a zero random variable for any non-negative

integer 4. Hence, we have E(UﬂP(U)):=O or

O ¢ =X

kS P ka1Co T

s, =S for 4=0,1,.e0,k=1 & (18)

From (18) we have the matrix equation

i IR R |
o/

% ‘1 k-1 k ‘x
0

Cl 02 . Ck kel ck+l

. "l ' ¥ (19)

0/

“-1 %k v Cokez| | L] | okl

The matrix in (19), by using (15), can be expressed as WDW' where W = (wij),

with Wij = ug for 1=0,1,ee0,k=1, j=1,2,...,k, 1s the Vandermonde matrix

and D 1is the disgonal matrix with P1sPgseces on the main diagonal.

Px
Since b >0 and ug % uj for i# Js we conclude that all these matrices
are non-singular. Therefore, by solving (19) we can find the coefficients
of the polynomial (15) and then the roots of P(x) =0, i.e., wu's 1in
terms of ci‘ss To identify these roots, we can assume, without loss of
generality, thatb Uy { U, < ven K Uy e Substituting the moment estimates of

c;'s in (19), we find Gﬁ's, i.e., the moment estimates of wu,'s. It

should be noted that there is no guarantee that we have distinct real Ei's.



However, since the sample moments ai's converge to ai's with probability
one, the chance of having imaginary or equal Ei’s tends to zero as sample
gize n tends to infinity.

Replacing the moment estimates of ci's and, ui’s in (16), we obtain
the moment estimates of pi's.

In practice we may not know the distribution of 85 however, it is just
enough to have some prior knowledge aboubt the first 2kl moments of 8.
For example, suppose that a certain material is produced by k machines
whose products flow aubomatically into a common shipping room. Let X Dbe
some characteristic of the material and assume that X has the same distrie-
bution for all machines when they are new. Thus, welcan say the distribution
of X and S are identical gt the beginning, and we can find the sample
moments of & from some observed values of X. After a period the machines
become old and there would be some different shifts in X from machine to
machine. Now, X for the products in the shipping room has a finite loca=
tion of mixtures. Observing & random sample and using the prior knowledge
gbout S, we can estimate the unknown parameters by the above procedure.

Tb estimate the parameters of a finite scale mixture, we first find the
moment estimagtes of V by using the relation Y g TV and then we apply the

above procedure. Actually, since T and V are independent we have

E(V') = E(YT)/B(TY) . (20)

If E(T') = 0 for some of the required r's, we cannot use (20).
Here we transform the scale mixture to a location mixture by using the loga-
rithmic transformation we referred to in Section 1, An example of this case

is the normsl mixture



k 5 :
M(x) = L p;N(0,07) , (21)
i=1

in which T, the standard normal variable, has zero odd moments.

L. A FINITE MIXTURE OF NEGATIVE EXPONENTIAL DISTRIBUTIONS

As an example we apply the above method to find the moment estimates
of a finite mixture of negative exponential distributions with probability

densify function
_ . ; |
£(y) = L% (), | (22)
i=1 ‘

where

£, (v) = exp(~y/v,)/v, - ‘ - (23)

This distribution is often used for the analysis of the completed
length of service [2], and it has also some application in reliability and
life testing [1]. For the case k=2, the moment estimation of the param-
eters has glready received some attention, for example, by Rider [5] aﬁd
Tallis and Iight [6]. But for k > 2 the problem becomes more involved
and there is no practical method to estimate the parameters.

The function (22) is the density of the random varisble Y g‘TV,
where T has the probability density function exp(-t) vfor t>0 and V

has the probability mass function given by (4). We know that
E(T") = r(x+1) = r! (24)

for any non-negative integer r. Now, consider a random sample

Y 5¥55.0.,Y  from a distribution with density (22). Taking



c, = E(V) = EQ)/B(T") = B()/xt , (25)

Yi for Xi’ and 2 for u,, We can find the moment estimates by
using (15)=(19).

It is not difficult to show that the sampling variability of the sample
moments of the density (23) becomes larger and larger as we use higher
moments. This behavior of sample moments reduces the efficienéy of the
estimates. We may modify the method by taking rth fractional moment from

both sides of Y g TV. To estimate the parameters, for v, we take

W, = vil/(gk“’l) and for r we use 1/(2k-1),2/(2k=1),...,(2k=2)/(2k=1),1.
Application of fractional moments may be also useful when T does not have

integral moments.

10
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